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Abstract—This paper presents a theoretical framework for
the design and analysis of gradient descent-based algorithms
for coverage control tasks involving robot swarms. We adopt a
multiscale approach to analysis and design to ensure consistency
of the algorithms in the large-scale limit. First, we represent the
macroscopic configuration of the swarm as a probability measure
and formulate the macroscopic coverage task as the minimization
of a convex objective function over probability measures. We
then construct a macroscopic dynamics for swarm coverage,
which takes the form of a proximal descent scheme in the L2-
Wasserstein space. Our analysis exploits the generalized geodesic
convexity of the coverage objective function, proving convergence
in the L>-Wasserstein sense to the target probability measure.
We then obtain a consistent gradient descent algorithm in the
Euclidean space that is implementable by a finite collection of
agents, via a ‘“‘variational” discretization of the macroscopic cov-
erage objective function. We establish the convergence properties
of the gradient descent and its behavior in the continuous-time
and large-scale limits. Furthermore, we establish a connection
with well-known Lloyd-based algorithms, seen as a particular
class of algorithms within our framework, and demonstrate our
results via numerical experiments.

Index Terms—Multi-agent systems, coverage control, multi-
scale analysis, proximal descent, Lloyd’s algorithm.

I. INTRODUCTION

Multi-agent systems are groups of autonomous agents with
sensing, communication, and computational capabilities. It is
often necessary to achieve a desired coverage of a spatial
region before these systems can be deployed for specific pur-
poses. This has spurred intense research activity on the design
of multi-agent coverage control algorithms [1]-[4]. In spatial
coverage control problems involving large-scale multi-agent
systems, it is often more appropriate and convenient to specify
the task objective at the macroscopic scale for the distribution
of agents over the spatial region. However, actuation still rests
at the microscopic scale at the level of the individual agents,
and faces a multitude of constraints imposed by the multi-
agent setting. These include information constraints from
limitations on sensing, communication and localization, and
physical constraints such as collision and obstacle avoidance.
This separation of scales poses a problem for the analysis
and design of algorithms with performance guarantees. While
mechanistic models relying on theoretical tools from infinite-
dimensional analysis are often more appropriate for macro
scales, an algorithmic approach that relies on tools from
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finite dimensional analysis is more effective in addressing the
above microscopic constraints. This underscores the need for
a formal theory bridging the two scales. Such a bridge theory
is crucial for integrating the mechanistic and algorithmic
paradigms and in understanding how macroscopic coverage
objectives translate to the microscopic level of individual
agents and conversely, how the microscopic algorithms shape
macroscopic behavior.

Related work. Multi-agent coverage control algorithms
have been widely studied over the past two decades and have a
rich literature. For an (inexhaustive) overview of the literature,
we adopt the classification into mechanistic vs algorithmic
models, as introduced earlier. The algorithmic perspective is
predominantly based on tools from distributed optimization.
Initial works combined distributed optimization with ideas
from computational geometry and dynamic systems [/1], [5]-
[7]. These were then extended to include sensing, energy,
and, obstacle, and dynamic constraints encountered in the
multi-agent setting [3], [8]], [9]. Interest in the mechanistic
perspective was fueled by efforts to scale up the size of these
systems, which emphasized the need for tools of macroscopic
analysis. This led to the application of mathematical tools from
probability, stochastic processes and partial differential equa-
tions. For large-scale multi-agent systems, one such approach
involves the design of coverage by synthesis of Markov transi-
tion matrices [[10]-[13]]. Another approach involves the use of
continuum/PDE-based models, applying ideas of diffusion and
heat flow to coverage control [[14]-[16]. Tools from parameter
tuning and boundary control of PDEs [[17]-[19] have been used
in this context. Statistical physics-based approaches, including
the application of mean-field theory, have also been recently
explored [20], [21]. Some works at the intersection of the
microscopic and macroscopic perspectives include [19]], where
the authors obtain performance bounds for spatial coverage by
multi-agent swarms, characterizing coverage performance as a
function of the number of robots and robot sensing radius.

More recently, tools from optimal transport theory have
been applied to multi-agent coverage. Interest in optimal
transport and optimal control is motivated by energy consid-
erations, and constitutes another active area of research [22]—
[26]. Furthermore, coverage algorithms often work with a
quantization of the underlying spatial domain. Recently [27]-
[30] explores the underlying connections of quantization to
optimal transport. Some well-known transport PDEs can be
formulated as gradient flows on functionals in the space of
probability measures [31]. Furthermore, from a computational
perspective, gradient flows in the space of probability measures
are often discretized into particle gradient flows. The gradient
flow structure underlying these PDEs allows for their dis-
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cretization by formulating proximal gradient descent schemes
in the space of probability measures. For instance, in [32]]
the authors discretize the well-known Fokker-Planck equation
by a proximal recursion. In [33]], the authors investigate the
convergence of such particle gradient flows to global minima
in the limit N — oo. In [34], the authors apply proximal
descent schemes to study uncertainty propagation in stochastic
systems.

Contributions. This paper contributes a multi-scale analysis
of gradient descent-based coverage algorithms for multi-agent
systems, with three main goals in mind: (i) the formalization
of coverage objectives for large-scale multi-agent systems via
meaningful macroscopic metrics, (ii) the systematic design
of provable correct algorithms that are consistent across the
macroscopic and microscopic scales, and (iii) to gain a funda-
mental understanding of widely studied coverage algorithms
for large-scale multi-agent systems and shed new light on
their behavior as the number of agents N — oo. A suitable
theoretical framework for the above is largely missing in the
literature and this work addresses the gap.

We formulate the coverage task as a minimization in the
space of probability measures and define a proximal gradi-
ent descent on the aggregate objective function. The multi-
agent configuration is specified by discretizing the underlying
probability measure and we obtain implementable coverage
algorithms as a proximal gradient descent on the discretized
aggregate objective function w.r.t. agent positions. This leads
to a new class of “variational” gradient algorithms, and we
show that this class of algorithms subsumes previously defined
coverage algorithms based on distortion metrics. This allows
us to establish a connection between the macroscopic and
microscopic perspectives and present a unified theory of multi-
agent coverage algorithms.

Paper outline. The rest of the paper is organized as
follows. Section contains a description of the coverage
optimization problem setting. In Section we present an
iterative descent scheme in the space of probability measures
and establish convergence results for such a scheme. Building
on these results, we propose multi-agent coverage algorithms
in Section [[V] as the discretization of the iterative descent
scheme from Section [[II] establish convergence results and
study their behavior in the continuous-time and N — oo
limits. Section [V] contains a case study of the well-known
Lloyd’s algorithm within the theoretical framework developed
in the prior sections and results from numerical experiments.
An overview of the mathematical preliminaries is presented in

Appendix [A]

II. COVERAGE OPTIMIZATION PROBLEM

In this section, we formulate the multi-agent coverage prob-
lem as an optimization of a macroscopic coverage objective,
which forms the focus of our analysis and algorithm design in
the subsequent sections. We begin by specifying the problem
setting. Let Q C R% be compact and convex (see additional

notation herep_-b, and x = (21,...,2y5) (with z; € Q for
i € T ={l,...,N} being the agent positions) denote the
microscopic state of the multi-agent system. In specifying
the macroscopic configuration, we look for a representation
that satisfies two key properties, (i) Permutation-invariance:
Assuming that the agents are identical, we note that every
microscopic configuration x € Q¥ is equivalent to (P ® 1) x
for any permutation P € RN*N_ The representation must be
invariant under such permutations, and (ii) Consistency in the
N — oo limit: The space of representations must contain
the “representation limit” as N — oo, to enable the study
of large-scale properties of coverage algorithms. This leads
us to specifying the macroscopic configuration of the multi-
agent system by probability measures over the underlying
space €. For the microscopic configuration x = (x1,...,ZN),
we specify the corresponding macroscopic configuration by
the probability measure iy = & SV 4,.. We note that iy
is invariant under permutations of agent positions. Further-
more, if the positions x; are independently and identically
distributed according to an (absolutely continuous) probability
measure ;4 € P(Q), it follows from the Glivenko-Cantelli
theorem [35]] that as N — oo, the discrete probability measure
iY converges uniformly, and almost surely, to u. In this way,
probability measures over {2 are a suitable space of macro-
scopic representations that combine the desired properties of
permutation-invariance and consistency in the N — oo limit.

With the microscopic and macroscopic representations of
the multi-agent system in place, we now move to the specifica-
tion of the coverage task as the minimization of a macroscopic
coverage objective function F' : P(2) — R. We let F be I-
smooth and strictly (generalized) geodesically conve with
a unique minimizer p* € P(Q). The coverage problem can
then be described as follows: Given an initial macroscopic
configuration g € P(Q2) of the multi-agent system (with pg
being an absolutely continuous probability measure), specify a
descent scheme in P(£2) that minimizes the coverage objective
function F', generating a sequence {uy}ren that converges
weakly to p* as k — oo. In Section[ITI] we propose a proximal
descent scheme that exploits the (generalized) convexity of F
to solve the coverage task. Furthermore, in Section we
obtain an implementable multi-agent coverage algorithm that

"'We let || - || : R — Rx( denote the Euclidean norm on R? and | - | :
R — R the absolute value function. The gradient operator in R is denoted
as V = (0/0x1,...0/0xy), where, as a shorthand, we use 9/9z = 9, to
denote the partial derivative w.r.t. a variable z and 8‘; = 0;. Consider a set
QCRY In what follows, 0Q C R9 denotes its boundary, Q = Q U 9 its
closure, and 2 = '\ 99 its interior with respect to the standard Euclidean
topology. For M C €, we define the distance d(xz, M) of a point x € Q
to M as d(z, M) = infy e ||z — y||. Given any z € Q C R%, we denote
by By (z) the closed d-ball of radius » > 0, centered at . The indicator
function on  for the subset M will be denoted as 157 : Q@ — {0,1}.
We use (f,g) to represent the inner product of functions f,g : @ — R
w.r.t. the Lebesgue measure, given by (f,g) = fﬂ fgdvol. We denote by
Lip(2) the space of Lipschitz continuous functions on Q. A function p :
Q — R is called l-smooth (or Lipschitz differentiable) if for any z,y € €,
we have |Vp(y) — Vp(z)| < ||y — z||. It can be shown that for an [-smooth
function p : © — R and any z,y € Q, we have |p(y) — p(z) — (Vp(x),y —
x)| < %Hy—x”? We denote by P(£2) the space of probability measures over
Q. For a measurable mapping 7 : @ — ©, where €2 and © are measurable,
we denote by T u € P(©) the pushforward measure of € P(Q2) and we
have Tz p(B) = (T ~1(B)). for all measurable B C ©.

2in the sense of Definition [7|in Appendix @




updates agent positions in 2 and performs consistently (in the
N — o0 limit) with the macroscopic descent scheme. That is,
we design a provably-correct, discrete-time, agent-based algo-
rithm that generates microscopic sequences {xj}ren C Qv
such that limy v oo ﬁf:; = p*. We address this question in
Section by tying the macroscopic descent scheme with
the microscopic coverage algorithm by means of a variational
approach.

Example coverage objective functions. We introduce a class
of coverage objective functions, whose convexity properties
will be analyzed in Section [V] Furthermore, in Section [V] we
also establish a relationship between the macroscopic descent
scheme corresponding to these objective functions and the
well-known Lloyd’s algorithm [1]. Let f : R — R be a strictly
convex, non-decreasing and I-smooth function with f(0) = 0,
and let:

inf
T:Q—Q
Ty p=v

(o) = / e = T@)) du(x), (1)

be defined for two probability measures p and v. In the
quadratic case f(z) = z2, we get Cy = W3, the so-called L?-
Wasserstein distance, which is a metric over P(€2). Conversely,
this suggests the design of a coverage objective function given
a target macroscopic configuration p*, as F'(u) = W3 (u, u*),
which quantifies how far p is from the target p*.

III. MACROSCOPIC AND PARTICLE DESCENT SCHEMES

In this section, we present a (macroscopic) iterative descent
scheme in the space of probability measures P(£2) and es-
tablish weak convergence to the minimizer under certain con-
ditions. Furthermore, we derive an equivalent (microscopic)
characterization of the descent scheme in 2. We refer to
Appendix |A| for additional definitions and supporting results.

We consider the following proximal recursion in P(€2)
starting from any absolutely continuous pg € P(£):

1
€ in — W3, F(v).
P € arg min o 5 (e, v) + F(v)

2)

We assume that F' satisfies the Neumann boundary condition
V(2£) -n > 0 on 9Q (where n is the outward normal to
oY) for any v € P(Q). This ensures conservation of mass
and that the solutions of the gradient descent w.r.t. F', which
are sequences of measures, are contained in P(€2).

Lemma 1 (Compactness and convexity of sublevel sets). Let
F be an l-smooth, geodesically convex functional (in the sense
of Definition [/ in Appendix [A) over Q. The F-sublevel set of
any absolutely continuous probability measure | € P(Q) is
compact and geodesically convex in the L?-Wasserstein space
(P(Q), Wa).

Proof. For any u € P(Q), the sublevel set S(u) = {v €
P(Q)|F(v) < F(u)} is closed in (P(£2), Ws), since F is
continuous and P(€Q) is closed and compact (see Corollary
in Appendix [A]on the compactness of P(€2)). This implies that
S(u) is also compact since it is a closed subset of a compact
set.

Recall from Lemma that (P(2), W) is geodesically
convex, and consider, for any vp,v; € S(u), and v, € P(§2),

for ¢ € [0, 1], the generalized geodesic between v to v4 with
1 as the reference measure (from Lemma it follows that
unique optimal transport maps from p to vy and p to 1
exist, since p is absolutely continuous, and therefore so does a
unique generalized geodesic in (P(2), Ws) between vy and 14
as in Definition [6). From the (generalized) geodesic convexity
of F we have that F(1;) < (1 —t)F(vg) + tF (1) < F(u)
(since F(vg) < F(p) and F(v1) < F(u) by definition of
S(p)). This implies that v, € S(u) for any ¢ € [0,1], from
which we infer the geodesic convexity of S(u). O

Lemma 2 (Strong convexity of objective functional). Let F
be an l-smooth, geodesically convex functional over P(S).
For any absolutely continuous probability measure . € P(2),
the functional G(v) = +W3(p,v) + F(v) is (£ -1)-
strongly geodesically convex (in the sense of Definition [8 in
Appendix [A) over P"(Q) for 0 <1 < 1/L.

Proof. Since F is l-smooth, applying Lemma for two
atomless measures 7 and v, we get:

/ <52 - glan,—)l/g - TN*}V1> d/J/‘ S ZW22(V1,V2>7 (3)
Q

where & and & are the Fréchet derivatives of F' evaluated
at v; and vy, respectively, and 7,,_,,, and T),_,,, are the
optimal transport maps from p to v1 and vs, respectivelr. Let

= V(%)Lﬁ,fori: 1,2, and let ¢; = 3 % ) be

the so-called Kantorovich potential for the transport from vy
to u, for ¢+ = 1,2. We now have:

/ <772 -, Tu—)ug - T;L—»u1> dﬂ
Q

1 1
= / <v¢2 - 7v¢1 - 51 +£27T,u~>1/2 - T,u—w1> dﬂ
[¢) T T

1
! / (V63 — Vér, Tysns — Torr) dp
T Ja

+ /Q <€2 - flaTu—wQ - T#_>,,1> d,LL

1
> ; / ‘TM%W - TIL‘)VI ‘2 d/‘ - lW22(V1’ Z/Q)
Q
1
> ( - l) W3 (v1, 1),
-
where the penultimate inequality above fol-
lows from (@). We have also wused the fact
that Jo (Vo2 = Vo1, Ty, — Tpss,) dps =
Jo | Tumsvs — Ty | dp > W3 (v1,10) (this follows from

an application of Lemma [T3] in Appendix [A), which implies
that [, (Voo — Vo1, Ty, —id) dvy = W3 (11, 12). Since
T < %, we get that the functional G is strongly convex with
parameter * — . O

Assumption 1 (Atomless proximal descent sequence). We
assume that the sequence {p}ren generated by is such
that py, € P"(Q) for all k € N.

We remark here that sufficient regularity of the functional ¥’
and the atomlessness of (g should guarantee validity of
Assumption [I] Since we do not offer a characterization of



the regularity of F' to this end, we retain Assumption [I] in
establishing the following theorem:

Theorem 1 (Convergence of proximal recursion (). Let
Q C R? be a compact, convex set, and let F : P(2) — R
be an l-smooth, strictly geodesically convex functional sat-
n >0
on 0NN Let jy be an absolutely continuous measure. Under
Assumption|l|on the generation of a proximal descent atomless
sequence, and for 0 < 1 < 1/l, the sequence {u}ren,
generated by the proximal recursion (@), converges weakly
to p* = argmin,cpq) F(v) as k — oc.

isfying the Neumann boundary condition V (‘;—5)

Proof. Tt follows that:

1
ZWQZ(Hkaﬂk-‘rl) + F(prt1) < Fug)
1
= Flpir1) < Flur) — EWQQ(MkakJrl)'

This implies that for uy # pr+1, we have F(pp41) < F(ux)
and the sequence {F(ug)}ren is monotonically strictly de-
creasing. In addition, { g }xen is contained in the sublevel set
S(po) of F(po).

From Lemma (I} S(u) is convex and compact in the
L2-Wasserstein space (P(£2), Ws). Thus, there is a weakly
convergent subsequence {ug,} —¢ I € S(uo). Consider the
functional G,, from @), for € P(Q2), such that G,(v) =
5=W3(p,v) + F(v). First, note that

1 _
‘Guk[(y)_ E|W22<M’V>_W22(Mkz’y)|

= o (W, v) + Walpn,, ) [WaF, ) —

Gr(v)| =
WQ(/“W?V)L

for all £. Due to the triangular inequality, for all v, |Ws (@, v)—
Wo(piky, v)| < Wal(pin,, fr). Therefore,

(G, (0) = G| < o= (Wa(7h,v) + Walpi, 1)) Wa (7 ).

In addition, S(po) is a compact set and W> is a continuous
functional, then there is a constant M such that

|Guke (V) - Gﬁ(y)l < MWQ(ﬁv Mkz)7

for all v. Since pr, —, 1, this implies the uniform conver-
gence of the functionals G, (v) to Gg(v). In particular, this
implies that for all ¢ > 0, there is an ¢y such that for all
> {y, we have

G, (V) = Ga(v)| <,

for all v. Let g™ = arg min, Gz(v), and recall that i, 1 =
argmin, G, (v). Then, by the min properties:
Gug, (k1) < Gy, (V) < Gr(v) + €
= Gy, (1) < Gr(E™) + e,
Grli*) — € < Galv) — € < G, (V)
= Gu(a") — € < G, (Hrp11)-

That is, we have |G, (i, +1) — Gg(fi™)| < e for all £ > .
The fact that 7 is a fixed point for G (v) now follows from
the set of inequalities:

Galfi*) < Cul) = F(71) < Gy, (is1) < Fla,)
The gap G, (ttk,+1) —Gr(7") can be made arbitrarily small
by increasing £, so it must be that Gz() = F (1) = Gu(u*),
which implies 7" = 7 is the solution to the minimization
problem of Gy and satisfies V (‘;—f)ﬁ = 0. The equation
V( ) 0 is equivalent to 1V¢r 7z + V (%)ﬁ = 0.
Since %w# =0, then ris a mlnimizer of F', and from the
strict geodesic convexity of F' we get that the minimizer is
unique and = p*. Note that we can apply this reasoning
to all the accumulation points i of the sequence {uy}. Since
all the convergent subsequences of {j} have the same limit
w* and {pp} is contained in S(pp) which is compact, we
conclude that the whole sequence {uy} converges to u* in
W, i.e., weakly as k — oo. O

The implementation of (2Z) can be challenging because
involves the solution of an infinite-dimensional optimization
problem. To address this, we determine the stochastic process
in Q that equivalently describes the recursion (2). More
precisely, consider a proximal recursion in €2 from an initial
condition xy € 2:

“4)

1
Tkt1 € arg%&}g‘xk — z|2 + fx(2),

where { fi }ren 18 a sequence of functions on 2. Suppose that
the initial condition z is in fact a random variable distributed
according to po (denoted xy ~ po). We are interested in
defining the process in {2, through an appropriate choice of
{fx}ken, which results in a consistent transport of the initial
measure pg according to the recursion (2)).

Theorem 2 (Target dynamics in Q). Let Q C R? be a
compact, convex set, and let ' : Q) — R satisfy the conditions
of Theorem[I} Under Assumption[l] the proximal recursion (2)),
for 0 <1 <1/, starting from pg € P7(82) is obtamed as the
transport of po by @) with xg ~ po and fr, = % , for
all k € N.

#k+1

Proof. We rewrite the single-step update in (2)) from an abso-
lutely continuous probability measure p € P(Q2) as follows:

t = Ly, + F(v).
pr=arg min o 5 (u,v) + F(v)

(&)
From Lemma [2| the minimizer p* in (3) is unique. Let {v}
be a smooth one-parameter family of vector fields such that
vg = v, where v is any vector field on ). Now, define
a one-parameter family of absolutely continuous probability
measures {V,}.cr by means of v + V - (vve) = 0, subject
to v. - n = 0, and such that vy = ™. Since p™ is a critical
point of the objective function in (3)), we have:



0= i( WQ(M,VEHF(VE)) B
(V)

7/ <v¢,u+—>,u7v> d/”'++/

T Ja Q

:/ <1v¢;ﬁ'—>u+£vv>dﬂ+v
Q\T

where £ = (‘;1:)|V p and Vo, +_,, = id-T,+_,,, with
Tyt € — Q) being the optimal transport map from ut to

L. Slnce Jo (V¢ + & v)du™ =0 for all v, it implies
that 2 Vd),ﬁﬂ‘ +£6=0(u" ae. in ), and we obtain:

(id _Tﬁﬂu) +&=0,

N

;v¢p,+ —u + E =
which implies that:

Ty = id 7€ (6)

Let p = (%Hu:u*' For any y € Q and 7 < 1/I, consider:

+

1 )
y* =argmin o—fy — 2 + o(2). )

égy(z)

The uniqueness of the minimizer above follows from the
strong convexity of g, for 7 < 1/l (this can be verified by
following a similar procedure as in the proof of Lemma [] but
now in the Buclidean space). If y© € Q is a critical point of
gy in (@), then it satisfies y™ =y —7Vp(y™). Since { = Ve,
we can equivalently write y™ = (id +7¢) " (y). That is, when
the image of y € {2 under the arg min map in (7)) is a critical
point in the interior of €2, then it is also the inverse image of
y under the optimal transport map T),+_,,.

Now, for a y € Q, the inner product of the gradient
of g, at any point z € 02 on the boundary of 2 with
the outward normal n to J) at z is given by Vg, - n =
(2(z=y)+ Ve(2)) n=21(z—y)-n>0, since Vp-n =0
and z —y points outward to €2 (as z € 9 and y € Q and Q is
convex). This implies that there exists a point Z in the interior
of Q2 in a neighborhood of z such that g,(Z) < g,(2), which
implies that z cannot be the minimizer. Thus, for any y € Q,
the minimizer of g,(z) = 3|y — z|*> + ¢(2) cannot lie on the
boundary 0f2, and must therefore lie in the interior of {2 and
be a critical p01nt of the objective function g,. Now, when
y € 0%, if y© ¢ €, it must be that y= = y (otherwise we
obtain a contradiction for the same reason as above, the inner
product of Vg, with the outward normal would be strictly
positive) and the argmin map (and the optimal transport map)
coincides with the identity map in this case.

It then follows that for any y € €, its image y* under the
argmin map is exactly its inverse image under the optimal
transport map 7},+_,,. That is, the map in is the inverse
of the optimal transport map T},+_,,. Thus, we have that the
map T+, = id+7¢ is well-defined and so is its inverse,
it holds that (T},+_,,) ' = (id+7€)} p = p*, and @) is
the lift to the space of probability measures of (7).

We therefore conclude that the proximal recursion (2)) start-
ing from pg is the transport of pg by @) with zg ~ po. O

From a computational perspective Theorem [2] still requires
the evaluation of the first variation F at [ix+1, the transported
measure at the future time instant k + 1. To circumvent this
problem, we can alternatively consider the dynamics (@) with
the choice of fj, = g—ﬂ , which only requires the evaluation,

at time instant k, of the ﬁrst variation 3£ at yy,. Consider the

}7
Hi

. It follows from

[-smooth, geodesically-convex (linear) F(V) =E, [ 5
for v € Q, which satisfies ‘;—V = 5

F LF‘
Mk
Theorem that the descent in P((2) corresﬁonding to (@) with

fk 5| 1is given by:
1223
1 oF
— W2 E, 8
k+1 € arg rm(r;)) o V2 (pr, v) + o N 3

The convergence of (8) can also be established as follows:

Theorem 3 (Convergence of recursion ®). Let F: Q — R
satisfy the conditions of Theorem (I| The sequence {ij}ren
obtained as the transport of measure po € P () by (8) with

T < 1/l, ®y ~ po and the choice fk = ‘;—f , converges
MK
weakly to p* = argmin,ep(qo) F(v) as k — oc.
Proof. Suppose that {u;} is a sequence derived from (8).
From the [-smoothness of ' and Lemma (with pg4+1 as
the reference measure), we have:
- id> dpte+1

oF
VI —| - Y
/Q< (61/ s Mk+1> He+1— MK

< AW3 (pks pokt1)-

By Lemma [2] we have that the objective functional in (8] is
strongly convex and therefore has a unique minimizer, since
o
Ey E Mk
steps as in the proof of Theorem [l to characterize the critical
point of @), we get that T, ,,, = id+7V (
by substitution in the above, we obtain:
) > dﬂk+1

oF oF
e (5, %) = (5
Q v Mk HE4+1 v 122

< AW3 (pi, poks1)-
oF
) 7v ( 5 > > duk—i—l
14
Hk+1 Mk

Therefore, it follows that:
1 2
Z ; -1 W2 (Mkauk+1)7
) > dpg g1
1223

oF
S (5
where we have used the fact that:
- id> dptk41

5E
ov

is linear in v for a given py. Following similar

‘;—F ),and
Vg

oF
ov

oF oF
7’/ V| — V| —
Q ov " ov
1
= 7/ <Tuk+1—>uk id, T
Q

Hk+1—HEk
1172
= T2 (Mkaﬂk+l)-



Moreover, from the convexity of " and Lemma[I7] (with fi511

as the reference measure) we have:
ajjltlﬁq—)llrk —id d/u‘k"rl'
Hk+1

F(ug) > F(pe+1)
Substituting in the latest inequality, we obtain:

+/Q<v(f;§

Fus) 2 Pl + (1) W, )

From this inequality, we deduce that pjy; belongs to the
F-sublevel set of ui, and consequently that the sequence
{pr e is contained in S(po), the F-sublevel set of 1. From
here, following similar steps as in the proof of Theorem
we conclude that the sequence {uy}ren is convergent and
limg oo Wi (pxc,ji) = 0 for some ji € S(po). As the
sequence {pytren is generated by (8), the limit 7 must be
one of its fixed points, again following similar reasoning as in
Theorem |1} Since F' is strictly convex, we get that the only
fixed point of (8) is pu*. We therefore have i = u*. O

Now Theorem allows us to consider the transport in P(£2)
given by the following proximal scheme in €2:

1
+ e D b
2" = argmin 2T|:C z|* + f(z), 9)

where x ~ p and f = %|u

according to Theorem [3]

. This scheme is convergent

IV. MULTI-AGENT PROXIMAL DESCENT ALGORITHMS

In this section, we bring the sample-based, proximal descent
schemes of the previous section to a form that is closer to the
more familiar multi-agent cooperative control algorithms. We
achieve this by a direct discretization of the functional. By
doing so, we are able to retain some convergence properties of
the algorithms, as shown in this section. We then show that, in
the limit of space and time discretizations, the corresponding
algorithm recovers the lost properties.

We start by describing the multi-agent system by an appro-
priate probability distribution. Recall that the configuration of
the collective is given by x = (z1,...,2n), with z; € Q
fori € {1,...,N}. Let i = L+ SV 4,,, be the discrete
measure in P(£2) corresponding to the configuration x. For
a macroscopic description of the transport, we first let the
macroscopic configuration be specified by an absolutely con-
tinuous probability measure, and since 7 is is not absolutely
continuous, we consider an alternative absolutely continuous
probability measure 717V through its density function using a
smooth kernel, as follows:

AhN

Y-

where h > 0 is the bandwidth of the kernel. With a slight
abuse of notation, we allow 712" to denote both the absolutely
continuous measure and its corresponding density function.
We also denote, for 2 € Q, fi»! simply by 7i". Thus, we have

AN = LNt for x € Q.

(10)

Assumption 2 (Properties of kernel and kernel-based mea-
sures). For h > 0 and z € Q) and a kernel-based probability
measure i defined as in for N =1, the following hold:
(i) Smoothness: The kernel K}, is smooth, K;, € C*(Q), for
every h > 0.

(ii) Monotonicity of support: For any z € ) and hy < hy,
we let supp (ﬂgl) C supp (;7’;2)

(iii) Containment: For every h > 0, there exists a set Q, CQ
( relatlvely) open, such that for z € Q. the support of the mea-
sure i satisfies supp(fil) C Q. Moreover, limj, o Q) = Q
in Hausdorff distance.

(iv) Total variation convergence: Let M be the space
of all measureable functions over ). It holds that
limy, 0 sup re pq { Jo £ (2) Kn(z — z) dvol(z) — f(z)} = 0,
that is, the kernel-based measure converges uniformly to the
Dirac measure as h — 0.

An example kernel for that satisfies Assump-
tion is the truncated Gaussian kernel restricted to an
open ball Bj(z;) of radius h centered at x;, given by

—|T—T; 2
Kn(z — x;) = Lexp (%) 1B, (z,)(z), where C =

th(wi) xp (

—|z—a,]?

ShZ ) dvol(z) is the normalizing constant.

A. Discretization of functional F' and its properties

We define an aggregate objective function FV for the
multi-agent system as the discretization of the functional F,
for h > 0, as follows:

F'N(x) = F(ap™), (11)

and, subsequently, analyze its properties. First note that F»V
is invariant under permutations, that is, for x € QhN and P €
RN>N a permutation, we have F"V (x) = F"N(P®1,) x).
The following lemma establishes the almost sure convergence
of the F"N to F as h — 0, N — oo:

Lemma 3 (Convergence as h — 0, N — 00). Let
Assumption [2| and the Fréchet differentiability of the func-
tional F hold, and let x; ~ u for i € {1,...,N},
independent and identically distributed. Then, we have
(x1,...,2n) = F(p), p-almost surely.

Proof. We first recall that F"N(x) = F(ahN). By the
Glivenko-Cantelli Theorem [36] and Assumption 2}(iv), we
have:

1inlh—+01hTUV—+co lthV

lim sup

h—0,
emM
N—o00 !

{Eﬁj;»N[f] - Eu[f]} =0, a.s.

We denote the above as 12N —, . p, ie., 12N converges
uniformly almost surely to 4 as h — 0 and N — oo.
Note that this implies the (almost sure) weak convergence of
{fi"N} to p. Therefore, by continuity of I in the topology
of weak convergence (which follows from the fact that F'
is Frechet differentiable in the L?-Wasserstein space), we
have limp,—o N—soo FMN(x) = limp_yoneo F(ALY) =
F(limp—0, N—o0 4N) = F(u), almost surely. O

The following lemma relates the derivative of the function
F™N to the Fréchet derivative of the functional F:



Lemma 4 (Derivative of F"). Let Assumption [2| and the
Fréchet differentiability of the functional F' hold, and let h >
0 with set Qy as in Assumption (iii). For x = (z,m) €

Q, x in—l’ we have that the derivative of the function F™N
satisfies:
1
OLF" N (2,m) = Vel dit,
N Joupp(@t)

where dji = pl dvol with p"(z) = K(x — z,h), oV =
%—f |ﬁh,,N and 0 denotes the derivative w.r.t the first argument.

Proof. Let x(t) = (w1(t),...,zn(t)) be a curve in QY
parametrized by ¢ € R, with X(0) = v = (vy,...,vy), where
v; € R forall i € {1,...,N}. As F™V is differentiable,
partial derivatives exist and we can write:

N
%FW(X(O)) => (9 F"N(x(0)),vi) .
i=1

Since F"N (x)
we can write:

= F(plN), using the Fréchet derivative of I,

~h
/<V90x(0)>vz> d/%i(o)
RN 3~h
(7o o)

This holds for all v = (vy,...,vy) and x(0) € QY
uniqueness of the partial derivatives, it holds that:

1 .
)= N/QV@Q’N it o)

where 0; denotes the Elerivative w.r.t. the i argument, and we
consider any x(0) € Q. From the previous expression:

d

iy O
dt

i

, thus, by

al‘Fh’N(X

Fh’N -
81 (ZJI) N o

1
N

Vel dit:

VN dil,

supp(fi%)

where z € Qp,, 7 € QYL dph = ph dvol with pt(z) =
K(x—z,h), and N 5F | 2.~ and the result follows. [

From the invariance of IV under permutations, the ex-
pression in Lemma E] holds for the partial derivative of F"~
w.I.t every component of X.

Lemma 5 (a-smoothness of F"N). Let Assumption 2| and
l-smoothness of F hold. Then there exists an « > 0 such that
FMN s a-smooth.

Proof. From [-smoothness of F, we have that the function
p = 5F | is continuously differentiable on 2 for all p. We
note that for z,y € Q. il(z) = ph(z + (z —y)) for all
z € supp (7f)). For any x € QN we use (z;,x_;) € Q) x
QN ! to denote the vector with its first entry equal to the 7
component of x and all others equal to the remaining N — 1
components of x. We now have:

|VF" () = VF" N (x)|

iZiaIFhNyz, )= HERN (@ x)

N

Z / ViloN (2)dah, (= / VleN (2)dah, ()
= /o

- % i /Q [VSD;’N(Z + (yi — 1)) — Vsofi’N(z)] dp, (2)

=1
S/‘Vs@?N
NZ [ [7eb et =) = Vil ()| dit o)

< le(Mfi Moay™) + My - x||
S aHy - XH,

2

2

(2) = Vol (2)] di ™ (2)

where the penultimate inequality results from the /-smoothness
of F' (which implies ¢ has a Lipschitz-continuous gradient in
expectation). Moreover the final inequality results from the
fact that Wy (™, i) < |ly — x|. O

In what follows, we will make the following assumption
characterize the behavior of the discretization F*"V along the
boundary through the following assumption:

Assumption 3 (Boundary conditions). The function F"" is
Fréchet differentiable and its derivative satisfies the boundary
condition O F"N(z,€) - n(z) = 0 for z € 90y, and all § €
QN

In general, note that F™»~ : QN — R is nonconvex in spite
of being the discretization of a strictly geodesically convex
functional F' : P(2) — R. This is because the notion of
convexity of functions over OV which is the domain of the
function " is not implied by the notion of geodesic con-
vexity over the space of probablhty measures over (). In this
way, for x,y € QV with ZZ & zmzz‘]\ir +6,, € P(Q)
being the corresponding discrete measures, the supports of
the geodesics (when they exist) between ZZ | %0z, and
ZZ L %0y, in P() do not necessarily correspond to the
straight line segment between x and y in Q'V. In what follows,
we identify a condition that can guarantee convexity of the
discretized functional. We note that this condition is employed
later to prove the convergence of the discrete algorithms to
local minimizers.

Definition 1 (Cyclical monotonicity). A set ' C Q x )
is cyclically monotone if any sequence {(z;,vi)}N.,, with
(x,9;) € T, satisfies:

N N
Z |lz; — yi|2 < Z |z — ya(i)‘Q’

i=1 i=1
where o is any permutation, o € Y.

For & > 0, we define a subset As C QN as follows:

A(;:{z:(zl,...,zN)EQN 2 — 2] > 6, Viyéj}.




For every x € As, we now define a set I'y C Q¥ such that
for all y € I'x, we have:

N

N
Dolw =il <Dl — yon s

i=1 i=1

for any permutation o. In other words, I'y is the subset of QY
such that for any y € Iy, {(z;, y;)}}, is cyclically monotone.
We now establish through the following lemma that the set I'x
contains an open neighborhood of x:

Lemma 6 (I'x contains an open neighborhood of x). For
any 0 > 0 and x € Ay, there exists an open neighborhood
N(x) C QF of x such that N(x) C T

Proof. For x € Ay C QV, let y € QV such that for all
i€{l,...,N}, wehave y; € Bs/o(x;), where Bs/o(x;) is the
open §/2-ball centered at z; € Q. Now forany j € {1,...,N}
with j # i, we have |y; — x| = |y, — ; +2; — x| >
|$i — a)‘]‘| — |yi —J]Z“ >0 —5/2 > 5/2, since |$i — a)‘]‘| > 4 as
x € As and |y; — ;| < §/2. Thus, among all (non-identity)
permutations o, we have:

NZ|931 yo’()' >*>*Z\11*yz

Thus, we infer that y € T'y for an arbitrary y € QN N
I, Bs2(w;), and the result follows. O

From Lemma [] that for x € A; with a given § > 0, there
is a hs such that forall 0 < h < hs, the supports of the
components ,umi of the measure 7i»"V can be made disjoint.

Lemma 7 (Relaxation to atomless measures). For any 6 > (
and x € 45 and 'y € Ty, there is hs > 0 such that for
0 < h < hs and the measures ﬂﬁ’N,ﬁg’N defined in (10),
the optimal transport map TﬁZ,N SN from N to ﬁ;ﬁN
satisfies:

(Tﬁi’N%ﬁ;}‘N - id) (2) =y; —x;, VY 2z€supp (/727) )

Proof. The proof applies a generalization of Brenier’s Theo-
rem in [37]]. We consider convex functions y; : 2 — R, for
i €{1,...,N} defined by:

Xi(z) =

We note that the gradient of y;, Vxi(z) = 2z + y; — x4
defines a map that transports the measure ﬁ’;z to ﬁZL simply by
translation. In addition, this mapping defines a measure with
cyclically monotone support and marginals 72" and ﬁng .By
the generalization of Brenier’s Theorem [37] (c.f. Theorem 12
and extensions on uniqueness) a measure that has cyclic
monotone support is both unique and optimal in the Monge-
Kantorovich sense. Thus it coincides with the measure defined
by the x; and the statement of the lemma follows. O

1
§|Z+yi—9€z‘\2

In this way, Lemmal[7]essentially establishes that for x € A;
and any y € Iy, the optimal transport from " to ﬁ;‘,N
simply achieved by the translation of components [Z’;l along
the rays y; — x; to fij:. for each i € {1,...,N}.

Corollary 1 (L%-Wasserstein distance). For any § > 0 and
x € As and 'y € Iy, there is a hs > 0 such that for any
0< h < hs:

~h,N =h, N
W2 ( nuy N Z |mz yz
With the above results we now establish the following:
Lemma 8 (Comparison lemma for F"" on cyclically mono-
tone sets). Let I' be a Fréchet differentiable and geodesically
convex functional (in the sense of Definition [7). For any 6 > 0,
x €A, he(0,hs] andy € Tx:

FMN(y) > FPN(x) + (VF" N (x),y — x).

Proof. For x € As and y € I'y, using the geodesic convexity
of the functional F' and Lemma 17| with /il as the reference
measure, it follows that:

F“N(y) = F(i)
Z F(ﬁZ’N) / <V(ph N TAh N_>ﬁh,,N — 1d> d/\h N
Q

(N NZ/ V(thTAhN AhN_ld>d/j/w

N
~ 1 C\ g~
F(N’,hé N) N Z/ . <V@Z’N, Tﬁ;;,N*}ﬂg,N — ld> d,L,L;l7
i=1 5UPP(/»’«Tfi)
1
F(ﬂfiN)JrNZ/ (VlN s — ;) dph,
i=1 supp(fi%,)
1
~h,N h,N j~h o
= )+ 5 Z [ vl -
supp(#f,)
N
_FhN ZﬁthNxzaX—)yl_xi>a
thereby establishing the claim. O

We remark here that F™ is convex in the limited sense
established by the comparison result in Lemma |8} and this
does not necessarily generalize to the entire domain QY due
to which the function F™>" can be non-convex in general.

B. Multi-agent proximal descent algorithms

We formulate the proximal descent algorithm on the func-
tion F'"N as follows:

+ FN(z). (12)

1
x" € arg min — ||x — z|]?
zeQlY 27

Even though FV is in general nonconvex, we can establish
strong convexity of the proximal descent objective function
in (I2) under some conditions through the following lemma:

Lemma 9 (Strong convexity of objective function). For an -
smooth function F"N, the function GV (z) = L ||x —z|? +
FhN(z) is (% — a) -strongly convex for 0 < T < é

Proof. From Lemma [5| on a-smoothness of F*", we have:

[(VE"N(y) = VF"N(x),y —x)| < ally —x|]*.



With GV (z) = oL ||x — z[|* + F"V (z), we have:
<VGZ7N(Z1) — VGQ’N(ZQ), Z1 — Z2>

- <%(z1 —22) + VF"(21) = VF"V(23) , 21 — Z2>

1
~llz1 — za|* + <VFh’N(zl) —VF"N (23, 7 — 22>

\Y

1 2 2
—llz1 — z2||” — af|z1 — 22|
-

1 2
= —allz1 -z,
-

thereby establishing the claim. O

It follows from Lemma [9 that the minimizer in (I2) is
unique for a-smooth F" and sufficiently small 7. Now,
with x_; = (.1‘1, B T [ /T [ ,J?N) S QhN_l, we can

; h,N 1 N h,N
wrlte F¥(xy, .o zon) = 2o FV (21, 2n) =

Zl VPPN (24, %x25). By means of this decomposition, the
prox1mal gradient descent (12) can be decomposed into the
following agent-wise update, for ie{l,...,N}:

1
z] = arg min —\xz — 2+

2€Qn

FMN (2, x ).

where Q, is the closure of Qh Note that the above scheme
requires x' . In other words, to implement the above al-
gorithm, every agent ¢, at time k, requires the positions of
the other agents at a future time k + 1, posing a hurdle
for implementation. To avoid this problem, we consider the
following proximal descent scheme:

1
z] = arg min —\xz — 22+

2€Qn
for every i € {1,...,N}. It follows from Lemma [J] that the
objective function in is also strongly convex, and thereby
has a unique minimizer. We now present the following result
on the convergence of (I3) to the local minimizers of F™V:

FiN(zx_),  (13)

Theorem 4 (Convergence of to critical points of F"™).
Let F"N be a-smooth and satisfy Assumption |3, For T < %
the sequence {x(k)}ren generated by the update scheme (13)
converges to a critical point x* of F™N that is not a local
maximizer, for all initial conditions x(0) € 5,1:/ Moreover, if
the critical point x* € As for some § > 0 and h € (0, hs),
then xX* is a local minimizer.

Proof. We first consider the objective function in (I3), J;(z) =
|z — 2|2 + FMN(z,x_;), with z € Q. The inner product
of the gradient of J; on z € 02, with the outward normal n
to 08y, is given by:

VJi(2) - Bi(z) = %(z — ) B(2) £ O FN (2% - B(2)
= Lz =) 0(z) 20,

with the inequality being strict when z; ¢ OSYy,. This implies
that the ;" € 9, cannot be a minimizer if z; ¢ 9Qy, and if

x; € 08, we will have x:r = z;. In both cases, the minimizer
+

x; is also a critical point of the function J;. This allows us

to express (I3) equivalently by:

zf =x; — 1O FMN (2], x2)).

(14)

We note that in the limit 7 — 0, we get a gradient flow that can
be shown to converge to a critical point of V. We therefore
hope that this property is preserved over a neighborhood of
7 = 0. In what follows, we establish that this is indeed the case
and provide a sufficient strict upper bound on 7 for which the
property is preserved. From a-smoothness of F™V we get:

)

N
Z <31Fh (T3, X—s), x5

i=1

Fh,N(X+) o Fh,N

o + 2
< — - .
< 2t — x|

We can rewrite the above as:

N
F"NxT) — F"N(x) — Z <81Fh’N(as:r,x,i),ﬂrjr - xz>
i=1
N
—Z<61F}L’ (zi,xi) — O F"N (@] % 1),x:r—xl>
i=1
S lx" —x|*.

By (4), we now have — SN (9 FPN (zf x ), 2 —2;) =
L|lx* — x||? and by the a-smoothness of Fh N

N
Z <81Fh’N(£L'i, X_i) — 31Fh’N(:z:ZT"

i=1

,X_i),l';_ - Iz>

< afx* - x|

From the above inequalities, we therefore obtain:
1 3
FIN () < PN (x) - ( - 2‘”) It — x|
T

Thus, for 7 < 5=, when every agent follows the update @

we get a descent in F"V and x* belongs to the F™V
sublevel set of x. We can express the above inequality for
any time instant £ € N as:

PN (x(k + 1)) <F" (x(k)) - (1 - —) Ik + 1) — x (B

T

Summing over k = 0,..., K — 1, we obtain:

P (x(K)) <" (x(0)) - (1——)Z|\x )~ x(k— D)7,

and it follows that:

D Ix(k) —
k=1

1
3(; 30
T2

Since the sequence {x(k)}ren belongs to the FV-sublevel
set of x(0) (for all x(0) € ©Q, ), which is a subset of ﬁff
(compact), it is precompact. By the boundedness above, in the
limit K — oo, we get limg o [|[x(K) —x(K — 1)||*> = 0.
Since Qj, is compact, there is a convergent subsequence
{x(k¢)} to a point X € ﬁff. Given x, define the mapping

1 3«

—N
GZ’N(Z> = (7- - 2> || - Z||2 Fh7N(Z), Z € Qh .

-1

) (PN (xe(0) = F™ (x(K))



Let Xt be the next iteration of (T4) from X. Then, from the
above, GN(xt) < FPN(x) = GLY(X). Due to the fact
that x(k;) converges to X, we also have that G;’N(i) =
FhN(x) < GZEIJX,_;)(X(W + 1)), for all ¢. Following similar
steps as in the proof of Theorem (I} one can find a constant M

il;h that |G (z) — Gy ) (2)] < M| —x(ke)|| for all z €
Q), . This implies that |G (x*) — GZ’(]]Z[)(X(ke +1)) < e
for all £ > /. It is easy to see that G;’N (xt) < G;L’N(i) <
Grainy (x(ke + 1)) holds, and thus G (x7) = F'N (%),

which can only happen when Xt = X. In other words, X is a
fixed point of (I4), and we thereby get:

O F"N (@, %) =0, Vie{l,... N},

and VF™" (X) = 0. From here, the point X cannot be a local
maximizer since {F™N (x(k;))}ren is decreasing and lower-
bounded by F"" (%) and, consequently, every neighborhood
of X contains at least one point with a higher value of F/.
Note that this conclusion applies for every accumulation point
of the entire sequence {x(k)}ren-

Finally, suppose that an accumulation point X satisfies X €
As, for some § > 0 and h € (0, h;s]. From Lemmas and@
we conclude that there exists an open ball B(X) C OV such
that for all x € B(X), we have F»"(x) > F"N(x), which
implies that X must be a local minimizer. O

Theorem 4 establishes the convergence of to critical
points of the function F"¥, which are not necessarily local
maximizers. This is a weaker result than Theorem 2] which
established convergence of the transport scheme (9) to the
global minimizer p* of F'. The guarantee is weakened after the
discretization of F', which is involved in defining the multi-
agent transport scheme (the convergence results for /' employ
the convexity properties of F', which are lost by F»V.) How-
ever, we can still hope to achieve the convergence to the global
minimizer in the limit of particle and time discretizations,
thereby guaranteeing best performance asymptotically. In the
section that follows, we evaluate this possibility.

C. Continuous-time and many-particle limits

We now derive the continuous-time and many-particle limits
for the multi-agent transport scheme (13)), retrieving (@) from
(13) as N — oo and h — 0 limit. We know from Theorem
that transport of a probability measure uo by (9), which is
identical to the following:

1
+ _ : 2
= a — | — + ,
' =argmin oole — 27+ 0(2) (15)
T ~ .
with ¢ = ‘g—f R is guaranteed to converge to the global
minimizer p* of F. Informally, we see that as 7 — 0 in (15),

we have that x+ — x and we let v(z) = lim, o $+;$ =
—V(z). We can thus expect the solutions to (I3) converge
to the solution of the gradient flow under the vector field
v = —Vp. We now show, in a weak sense, that the above
reasoning holds. We observe that the vector field v = -V
satisfies a zero-flux boundary condition v-n = Vyp -n =0

on 0f) owing to the definition of the functional F.

Proposition 1 (Model of transport in the continuous time and
many-particle limits). Let Q) and F satisfy the assumptions of
Theorem |I| The following hold:

(i) Convergence of update scheme: The scheme (13) converges
in distribution to (13)) in the limit N — oc.

(ii) Gradient flow: For every decreasing sequence {7, }neN
satisfying 19 < % and lim, ,o 7, = 0, the sequence
of solutions {x"}nen to (I3) with corresponding {7, }neN
contains a convergent subsequence, and the limit is a weak
solution to the gradient flow:

0: X' (x) = =V (X (x)), (16)

with X°(x) =z, p(t) = X po and ¢, = % ()

(iii) Continuity equation: Let T > 0 and v € L>([0,T] x
Lip()9), and #;(t) = v(t,z;(t)) for any t € [0,T] and i €
N, with 2;(0) ~; ;.4 po- Then, for x = (z1,...,xx) for any
N € N, the sequence {x™}nen converges in a distributional
sense to a solution p of the continuity equation:

%l; +V-(uv) =0,

Owing to space constraints, we skip here the proof of
Proposition [T} The gradient flow on the functional F' is defined
here as the transport (I7) with v = —V as in (I6). Recall that
the gradient flow satisfies the boundary condition Vi -n =0
on 0. The following theorem establishes the asymptotic
stability of the gradient flow on F', with convergence to
w* € P(Q), the global minimizer of F' as t — oo:

1(0) = po. (17)

Theorem 5 (Asymptotic stability of gradient flow). Let ) C
R be a compact, convex set and F : Q — R be an l-smooth
and strictly geodesically convex functional with minimizer p*.
Then the solutions to the gradient flow w.r.t. F' converge to i1*
in the limit t — oo.

Proof. Let {u;};>0 be a solution gradient flow w.r.t. F in

P(Q). We have:
oF
v(%)

b= [(5(25) )=

This implies that F'(u;) < F(ug) for all ¢ > 0, and
therefore {41 }:>0 is contained in the sublevel set S(ug) =
{v € P(Q)|F(v) < F(up)}. From Lemma [I] we have that
S(po) is compact in (P(S2), Wa), which implies that the
orbit {/}¢>0 is precompact. Moreover, the functional F' is
lower bounded in S() by F'(¢*). By the LaSalle invariance
principle for Banach spaces [38]]-[40], we have that the orbit
converges in (P(Q2),Ws) (also weakly, from Lemma
asymptotically to the largest invariant set contained in F! (0).
We have:

2
dps <0.

. oF
F7Y0) = {u e P(Q)) ‘V <5> =0, ae. in Q} ,
7
which implies that the Fréchet derivative of F' is zero in the
set F'~1(0). This corresponds to the set of critical points of
F and from the strict geodesic convexity of F’, we therefore
get that F~1(0) = {u*}. O



V. MULTI-AGENT COVERAGE CONTROL ALGORITHMS

In this section, we aim to place well-known multi-agent
coverage control algorithms in the literature [1]], [4] within the
multiscale theoretical framework established in the previous
sections, in an effort to understand the macroscopic behavior
of the coverage algorithms. To do this, we first relate the
corresponding coverage objective functions used in both for-
mulations and then apply our results to analyze their behavior
in the limit N — oco. We begin with a widely-used aggregate
objective function for coverage control of multi-agent systems,
the multi-center distortion function, and then obtain its func-
tional counterpart in the space of probability measures. The
multi-center distortion function H : oy - R>o [1] is given
by:

[z = zil)dp™ (). (8)

Hye(x) = / min
f( ) o i€{1,...,N}
where f : R>g — R>( is a non-decreasing function and
w*(z) = p*(x)dvol, with p* a target density in . The
Voronoi partition of Q, {V;}Y,, generated by x € QF
facilitates the analysis of H and is defined is as follows:

Vi={zeQ||lz—z| <|z—z;|Vje{l,...,N}}, Vi.

The following proposition establishes the relationship between
s and the optimal transport cost Cy in (T):

Proposition 2 (Optimal transport formulation of coverage
objective). The aggregate objective function Hy as defined

in (18), satisfies:

Hy(x) = Jouin

N
min C (Z w;ilg, , ,u*) )

i=1
where AN-! = {w € RY, ’ Zf\il w; =1} is the
(N — 1)-simplex. Furthermore, the minimizing weights w* =
(wi,...,wy) are given by wi = p*(V;), where {V;}}, is
the Voronoi partition of ().

We skip the proof of Proposition [2] here owing to space
constraints. The following corollary applies Proposition 2] to

the special case of f(x) = z%:

Corollary 2 (L2-Wasserstein distance as aggregate ob-
Jective function). Applying Proposition 2] with a quadratic
cost f(z) = x? (and the corresponding aggregate objective
function Hs), we have:

H W2 (ZU i Tq?l’[’)

We now investigate the properties of the aggregate objective
function Hy in the limit N — oo.

Lemma 10. Let p* € P(Q) be an absolutely continuous
measure defining Hy. Let x; ~ji;q p, for i € {1,...,N},
where p € P(Q) is any absolutely continuous probability
measure such that supp(p) 2 supp(u*). It holds almost surely
that limn o Hy(x) = 0.

Proof. From the Glivenko-Cantelli theorem, it follows that, as
N — oo, the limit Zi\il w*(Vi)dz, — p* holds almost surely,

in the weak sense (from the expectation w.r.t. Z o (Vs)os
of any simple function). Thus, by the continuity of C}:

lim Hy(x)

N —oo

= hm Cy (Z,u ) am#) 0.
O

The previous result holds for any configuration of the points
{x;} Y| as long as they are sampled from a distribution whose
support contains that of p*. Note that this is consistent with
what happens in the discrete particle case, in the coverage
control problem. In this case, critical point configurations are
given by the so-called centroidal Voronoi configurations [[1]].
However, as the number of agents goes to infinity, any con-
figuration of points asymptotically become centroids of their
Voronoi regions. Thus, those positions correspond to local
optimizers of the discrete coverage control problem. In this
way, while the empirical measure ]1, va 1 0z, corresponding
to the points {z;}}¥, samples from p converges uniformly
almost surely to p (Glivenko-Cantelli theorem), the quanti-
zation energy Hy, converges to zero, which does not really
reflect the discrepancy between the measures p and p*. Thus,
the functional H; suffers from this deficiency as a candidate
aggregate function for coverage control in the large scale limit.

Consider instead the following aggregate objective function:

1 N
Cy (NZ(SM , u*)-
i=1

This performance metric has been used before in the so-called
area (weight)-constrained coverage control problem [4] (the
weights w; = 1/N are balanced in the case of (T9)).

Hy(x) = (19)

Lemma 11. Letr p* € P(Q) be an absolutely continuous
measure and let 7:lf be defined as in (19). Let x; ~i.iq 1
for i € {1,...,N}, where ;n € P(Q) is any absolutely
continuous probability measure. It holds almost surely that
lImpy oo Hy(x) = Crp, 1*).

Proof. This can be seen from the following:

olige )
/f|m—
/f\a:—

Similar to H ¢(x), the functional H; can be expressed as the
sum of integrals over certain space partition. However, this
case involves a generalized Voronoi partition {W;}2 :

= min
T: Q_’{mb}z 1

Typ* :NZ7 16

' (x)

= min
T: Q—){zl}l 1

s (T i} =%

Wi ={z e Q[f(je — zi]) —wi < f(lz —2;]) —wi},



where {w1,...,wy} are chosen such that u*(W;) = 1/N for
all i € {1,...,N}. We refer the reader to [4] for a detailed
treatment. We can now write:

B N
i) =3 [ S =) dy (o).

Now, by letting x; ~; ;.4 i, Where i € P () is any absolutely
continuous probability measure, in the limit N — oo, we have
LN 5, convergi iformly al 1 In thi
N 2ui=1 Oz, ging uniformly almost surely to p. In this
way, by the continuity of C'y, we have:

Jim Hyp(x) = Cp (p,p%), as.
O

Similarly to (I2)), we can formulate a multi-agent proximal
descent algorithm on the aggregate objective function H y, with
f(z) = 22, as follows, for every i € {1,...,N}:

1 _
zf = argmin —|z; — 2|? + H(2,x_;).

20
2€Q 2T (20)

Note that this is a proximal formulation of the load-balancing
variant of the Lloyd’s algorithm in [4].

Theorem 6 (Convergence to generalized centroidal Voronoi
configuration and p*). The Lloyd proximal descent (20),
with f(x) = a2, converges to a local minimizer of H;.
Furthermore, as N — oo, the proximal descent scheme
converges to:

zt =

1 2
argmin o—[z — 2| + ¢(2), 21

SWE(v,u*)
ov

with ©x ~ | and ¢ = , the Kantorovich potential
"

for optimal transport from u to l,u*. The sequence {pij;}reN
obtained as the transport of an absolutely continuous proba-
bility measure o € P(Q) by @I), with xg ~ o, converges
weakly to p* as k — oo.

Proof. Let i be defined as in (T0) with a kernel satisfy-
ing Assumption [2| We see that Cy (", u*) as a function
of x is a-smooth for some o > 0 (from Proposition ] in
Appendix [B]and an application of Lemma [3). Further, we note
that Hy(x) = limy_o Cp(ul™, u*) and the a-smoothness
property carries over to the limit, as well as the comparison
Lemmafor H7(x). The convergence of (20) with f(z) = 2
to a local minimizer of H ¢ then follows from a similar version
of Theorem E] applied to Hs(x). It is easy to see that these
local minima correspond to generalized centroidal Voronoi
configurations as in [4].

Following a similar reasoning as in Proposition [I| for ' =
Cy and N = C’h’N, we have that, as N — oo, the proximal
descent scheme @]} converges to (Z1).

With F(v) = sW3(v,p*), let G, (v) = W3 (g, v) +
F(v). The Fréchet derivative of G, is given by
A\ (5@,37,;(1/) ) = %qu,,_mk + V¢, <. Moreover, at
the critical point i i of Gu, we have 1V¢, . .. +
Vouyi—sns = %(id _Tuk+1—wk) + (id _Tﬂk+1—m*) =0,
which implies that (T}, ,,—u, —id) = 7 (id =Ty, —p)-
We then have Wo(uk, pig+1) = 7Wal(uk+1, ™). For any

(and only) v on the geodesic between pj and p*, we have
Wo(pge, 1) = Wal(pg,v) + Wa(v, u*) (wherein the triangle
inequality is an equality), and this is the case if and only
if fQ (d =Ty, Tospr —id) dv = 2Wo(ug, v)Wa (v, 1*).
We see that this is indeed the case for v = p1, from which
we infer that pz1 lies on the geodesic between iy, and p*. We
therefore get that {1 }ren lies on the geodesic connecting g
and p*. Now, from Proposition [3|in Appendix [BJit follows that
W2(-, ux) is generalized geodesically convex with reference
measure 41, and similarly W2 (-, u*) is generalized geodesi-
cally convex with reference measure p*, the two measures
i and p* are interchangeable as reference measures along
the geodesic between them. It then follows that the function
G, is generalized geodesically convex along the geodesic
between py and p*, with reference measure py. Then, weak
convergence to u* of the sequence {i}ren obtained as the
transport of an absolutely continuous probability measure jg €
P(Q) by follows from an application of Theorem [3| and
the strict (generalized) geodesic convexity and /-smoothness
of W2(-,*) (by an application of Propositions [3| and E] in
Appendix [B). O

It is known that the generalized Lloyd’s algorithm results in
convergence to generalized centroidal Voronoi configurations
[4], where the generators {z1,...,xy} of the generalized
Voronoi partition are also the centroids of their respective
generalized Voronoi cells. The generalized centroidal Voronoi
configuration is, however, not unique, and this relates to the
fact that the convergence is to the local minimizers of H fs
which is typically nonconvex.

We now present results from numerical experiments for the
coverage control algorithm (20) for the objective function H fs
with f(z) = 2. We first sample i.i.d. from a multimodal
Gaussian distribution and normalize the histogram of the
samples over a discretization of the spatial domain to obtain
a (quantized) target distribution over the domain. We then
implement the coverage control algorithm (20) for various
sizes N of the multi-agent system, from random initializations
of the agent positions. We present the following: (i) the steady
state distribution of agents (in Figure [I}), and (ii) the value
of the coverage objective function as a function of time (in
Figure [2), for various sizes N of the multi-agent system.

VI. CONCLUSION

In this paper, we have introduced a multiscale framework for
the analysis and design of multi-agent coverage algorithms that
begins with a macroscopic specification of the target coverage
behavior to derive provably-correct microscopic, agent-level
algorithms that achieve the target macroscopic specification.
Our class of macroscopic proximal descent schemes exploit
convexity properties of coverage objective functionals to steer
the macroscopic configuration, which are then translated into
agent-level algorithms via a variational discretization. We
uncover the relationship with previously studied coverage
algorithms, and obtain insights into the large-scale behavior
of these algorithms. Future work will consider the extension
to a constrained optimization framework to include such
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Fig. 1. The figure shows the steady state distribution of the agents implementing the coverage algorithm (20) with the target distribution depicted in grayscale,
for N = 10, 25, 50, 100. We observe that the distribution of the agents more closely approximates the target distribution as the size IV of the system increases.
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2. The figure is a representative plot of the value of the aggregate

objective function 7 ¢ (x¢) (with f(z) = x?) vs. time ¢ for various sizes N
of the multi-agent system and random initializations of agent positions. We
observe that the steady state value decreases with the size IV of the system,
in accordance with our theoretical results.

constraints as sensing limitations, dynamic and collision-
avoidance constraints.
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APPENDIX A
MATHEMATICAL PRELIMINARIES

We present here the mathematical preliminaries on con-
vergence of measures, the L2-Wasserstein space and smooth-
ness and convexity notions for functions defined on the L?2-
Wasserstein space.

A. Weak convergence of measures

The results of this manuscript rely on the notions of weak
convergence in P(£2), the topology of weak convergence, its
metrizability, and the compactness of sets of P(£2). We recall
them here and refer the reader to [41]] for more information.

Definition 2 (Weak convergence). Let QO C R, and P(1)
be its set of probability measures. A sequence {pg}ren C
P(§2) converges weakly to € P(Q) if for any bounded and
continuous function f on Q, limy_oo [, fdur = [ fdp.

Equivalently, in the definition above, the sequence {x }ken
in P(Q) is said to converge to p in P(§2) equipped with
the topology of weak convergence. The space of probability
measures P(€)) equipped with the topology of weak con-
vergence is metrizable [41]]. In other words, there exists a
metric on P(§2) such that the topology of weak convergence

is obtained as the topology induced by the metric. One such
metric is the Wasserstein distance, see Section We now
state Prokhorov’s theorem [41] on the equivalence between
tightness and precompactness of a collection of probability
measures over a separable and complete metric (Polish) space.

Lemma 12 (Prokhorov’s theorem). Let () be a complete
metric space, and let IC C P(QY). The closure of KC w.rt. the
topology of weak convergence in P(Q2) is compact if and only
if K is tight. That is, K is tight if for any € > 0 there exists a
compact K. C Q such that u(K.) > 1 —¢, for all p € K.

Corollary 3 (Compactness of P()). Let Q C R? a compact
set. Then, the closure of P(Q)) w.r.t. the topology of weak con-
vergence in P(Q) is compact. This follows from Prokhorov’s
theorem in Lemma since P(Q) is tight: for any ¢ > 0, we
choose ) itself as the compact set and have () =1 > 1—¢
Sfor any p € P(). Moreover, since P() is also closed
w.r.t. the topology of weak convergence, it is therefore compact.

B. The L?-Wasserstein distance

The L?-Wasserstein distance between two probability mea-
sures i, v € P(Q) is given by:
W3 (u,v) = (22)

min / lx —y|? dn(z,y),
m€ll(p,v) JoxQ
where TI(u,v) is the space of joint probability measures
over ) x Q with marginals p and v. The definition of
L2-Wasserstein distance in (22) follows from the so-called
Kantorovich formulation of optimal transport. An alternative
formulation of this problem, called the Monge formulation of
optimal transport, is given below:

WZ(u,v) = min |z — T(x)]* du(z). (23)
T:0—0Q
Ty p=v

In the Monge formulation (23], the minimization is carried
out over the space of maps T : @ — € for which the
probability measure v is obtained as the pushforward of u.
This can be viewed as a deterministic formulation of optimal
transport, where the transport is carried out by a map, whereas
the Kantorovich formulation (22)) can be seen as a problem
relaxation, where the transport plan is described by a joint
probability measure 7 over 2 x 2, with p and v as its
marginals. It is to be noted that the Monge formulation
does not always admit a solution, while the Kantorovich
problem does. Roughly speaking, the Kantorovich formulation
is the “minimal” extension of the Monge formulation, as
both problems attain the same infimum [42]. Further, the
two formulations (22) and (23) are equivalent under certain
conditions, and in the sense laid out in the ensuing lemma.

Lemma 13 (Monge-Kantorovich optimal transport, cf. [42],
Theorem 1.17 for c(z,y) = |z — y|?). Assume that Q is
compact in R%. There exists a minimizer 7 to the Kantorovich
problem @ Moreover, if the measure p is atomless, and
w(02) = 0, then the minimizer 7 is unique, the Monge
Sformulation admits a unique minimizer T*, and it holds
that ™ = (id,T*)gp, with id @ Q — Q the identity
mapping. Furthermore, there exists a Lipschitz continuous



Sfunction ¢ : Q — R, called the Kantorovich potential, such
that V¢ = id —T™.

The space of probability measures P(€2) endowed with the
L2-Wasserstein distance Wy will equivalently be referred to as
the L2-Wasserstein space (P(2), Wa) over €. The following
lemma, which follows from Theorem 6.9 in [43]], establishes
the equivalence between convergence in the sense of the
topology of weak convergence and in the L2-Wasserstein
metric.

Lemma 14 (Convergence in (P(Q2),Ws)). For compact
QO C RY the L2?-Wasserstein distance Wy metrizes the
weak convergence in P(Q). That is, a sequence of measures
{1k tken in P(Q2) converges weakly to 1 € P () if and only
if limg s 0o Wo (g, ) = 0.

C. Derivatives of functionals on atomless measures

We start by introducing the notion of first variation of a
functional on P(2) as follows:

Definition 3 (First variation of a functional on P(Q)).
Let F' : P() — R, po € P(Q) and let {jc}ecr be a
smooth one-parameter family of probability measures. Suppose
that there exists a unique g—i(uo) such that %F(,ue)‘ezo =
lime_,q % fQ %(HO) (dpe — dpo) for any smooth {jic}ecr.

Then, ‘;—5(”0) is the first variation of F evaluated at pi.

For functionals for which the first variation exists as in
the above definition, we can introduce the notion of Fréchet
derivative on the L2-Wasserstein space (P(£2), Ws):

Definition 4 (Derivative of a functional on (P(Q2),Ws)).
A functional F : P(2) — R is Fréchet differentiable with
derivative £ at an atomless measure pg € P(Q), if for
any smooth one-parameter family of probability measures
{pte}ecr, the following limit exists:

iy Fe) = F o) = Jo & Tuo e —id)dpe _

0 W (1o, pre) ’
where £ = Ve, ¢ = ‘;—E(uo) and Ty, is the optimal
transport map from pg 10 pi.

We now introduce the notion of directional derivative of

a functional over probability measures. For this, let v =

1(T,-,, —id), which implies that v = (id +tv) 4. We have:

t
W?(/J/vy) = \// TN—)V_lde:u:t\// |V|2d,u,,
Q Q

and we get:
F((d+tv)gp) — F(p) =t o (§,v) dp

ty/ fQ [v[2dp

Therefore, the directional derivative of F' along v is

d - F((id+tv)pp) — F(p) :/Q<£,V>du,

pn vF (1) = lim
where ¢ is the Fréchet derivative of F' evaluated at .

lim =0.
t—0

t—0 t

1) Lipschitz-continuous derivatives: We now introduce the
notion of /[-smoothness that will be useful for the development
of gradient descent-based transport schemes in the paper.

Definition 5 (I-smoothness of functionals on (P(Q), Ws)).
A functional F' : P(2) — R is called l-smooth (or Lipschitz
differentiable) if for any u,v € P(Q), we have:

‘ /§l|§u_§V|2dV§lW2(N7V)>

where &, &, are the Fréchet derivatives of F' evaluated at |1
and v respectively.

From the above definition on [-smooth functionals, the
following lemma can be easily verfied:

Lemma 15 (I-smooth functionals). A functional F : P(Q2) —
R that is l-smooth on (P(Q), W) satisfies:
D |F(v) = F(p) = Jo (€ Ty — id) du| < SW3(u,v),
2) fQ <§H - 51/? TVHN - 1d> dy’ < lWQQ(Ma V)’
for any two atomless probability measures p,v € P()), where
&, and &, are the Fréchet derivatives of F' evaluated at |1
and v respectively.

D. Convexity of functionals on the Wasserstein space

Results in convex analysis can be appropriately general-
ized to functionals on the L2-Wasserstein space (P(Q), Wa),
see [31]] for a detailed treatment. In this section, we introduce
and define notions related to the convexity of functionals
on (P(2), W3) used to build the results in this paper. Before
we can define any notion of convexity, we introduce an
appropriate notion of interpolation:

Definition 6 (Generalized displacement interpolation). Let
Q) be a compact subset of RY, p,v € P(Q), and § € P"(Q)
be an atomless probability measure. Let Ty_,,, : 8 — Q and
Ty, : Q — Q are optimal transport maps from 0 to u, and 0
to v resp. in the L?-Wasserstein space over §). A (generalized)
displacement interpolant of u and v w.r.t. 0 is given by v =
((1 — t)T0—>/L + tTg_w)# 0, forte [O, 1]

It can be shown that for a compact and convex {2 C R?, the
space of probability measures P(2) is geodesically convex
w.r.t. the notion of (generalized) displacement interpolation in
Definition

Lemma 16 (Geodesic convexity of P(Q)). Let  C R?
be a compact, convex set. Then, the L?-Wasserstein space
(P(Q), W) is geodesically convex w.rt. the notion of inter-
polations as in Definition [6]

Now, we introduce the following standard definition on the
(generalized) geodesic convexity of functionals on the L?2-
Wasserstein space (P(Q2), Wa):

Definition 7 (Generalized geodesic convexity). Let Q C R?
be a compact and convex set, and let j,v € P(QQ) and 0 €
P(§2) be an atomless probability measure, for which there exist
Topy : 8 — Q and Ty, : Q — § optimal transport maps
from 0 to ju and from 0 to v respectively, in the L?-Wasserstein



space over ). A functional F : P(Q) — R is (generalized)
geodesically convex (resp. (generalized) strictly geodesically
convex) if the following holds for every t € [0, 1]:

F((1 =0Ty, + tTg_W)# 0) <(1—-t)F(p) +tF(v).
(resp. the previous inequality holds with strict inequality).

Lemma 17 (First-order convexity condition). Let () C R be
compact and convex, u,v,0 € P(Q) be atomless probability
measures. Let F': P(2) — R be a Fréchet differentiable and
(generalized) geodesically convex functional (in the sense of
Definition [/). Then, we have:

F(v) > F(u) + / (€0, Ty — To) 6, (24)
Q

where &, is the Fréchet derivative of F' at j1, and Ty_,,, : Q —
Q and Ty_,, : Q — Q are optimal transport maps from 0 to
w and from 0 to v respectively.

We now define below the notion of strong geodesic convex-
ity of Fréchet-differentiable functionals on (P (), Ws):

Definition 8 (Strong geodesic convexity of a functional
on (P(Q),W3)). Let Q@ C R be compact and convex
and p,v,0 € P(Q) be atomless probability measures. Let
F : P(Q) — R be a Frechét-differentiable functional. Let &,
and &, be the Fréchet derivatives of F evaluated at measures
and v, respectively. Then, F' is strongly (geodesically) convex
if there exists an m > 0 such that:

/ (€ — 60 Tosy — Toos) d0 > mW2(v), (25
Q

where Tp_,, @ Q@ — Q and Ty, : Q — Q are optimal
transport maps from 0 to p and from 0 to v respectively.

APPENDIX B
AGGREGATE OBJECTIVE FUNCTIONS

Proposition 3 (Strict geodesic convexity of Cy(-,n*)). Fix
w* € P(Q) (absolutely continuous) as the reference measure
and let po, p1 € P(Q). Let Ty, and Tyy-_,,,, be optimal
transport maps from p* to pg and p* to py respectively,
corresponding to the optimal transport cost Cy, and let
Ty = (1=1)T e s g +tT e sy, for t € [0,1]. For py = Ty ypi*,
we have:

Crpes ) < (1 =)Cp(po, u*) + tCs (po, pu*).
Proof. We have:

C(jue, 1) < / F(To() — 2))dp* ()

Q
B /Qf (‘(1 — t)j_:ll.*—ﬂl/()(:r) +t,‘ru*—>lh (I) - x|)dﬂ*(l’)
:/Qf(\(l—t) [Tye s () — 2]
[T iy () — 2][) dp™ (2)
< /Qf((l — 1) | Ty s i (%) — |
+t |T;L*—>/t1 (35) - ID dp” (1‘),

where the last inequality is a consequence of the fact that f is
non-decreasing. Further, if f is strictly convex in €2, we have:

Crp, ™)
< /Q (1= O (T () — 2])
ot f (T () — )] dp (2)
—(1-1) / F (T () — ) dp ()
Q

ot /Q F (T (@) — ) dp™ ()

= (1 =1)Cf(po, u*) +tCy(po, p1*).

We now establish the following result:

Proposition 4 (I-smoothness of C;(-, v*)). Let the Fréchet
derivative of the functional F(p) = Cy(p, p*) at pp € P7(Q)
be denoted as &,,. The functional F(u) = Cy(u, n*) satisfies:

‘A <£lt1 - é.,uzv z—ju.z—ﬁtl - 1d> d,ll,g

where T,,,_,,, is the optimal transport map from i3 to pq
w.rt. Cy.

< l/ |T’lt2—>u1 - 1d|2 d.u27
Q

Proof. Let ¢, = %’;’“*) be the Kantorovich potential for

the optimal transport from g to p*. We now have the following
relation [42]]:

Ty = 1d = (Vh)_l (Vou),

where the function h : R? — R is such that h(v) = f(|v|). It
follows from the /-smoothness of f that the function A is also
l-smooth. From the above and [-smoothness of &, we get:

/&_2 <€#1 - £M27Tu2—>u1 — ld> dﬂg

[ (Th AT ) = TH =Ty T = ) d

< o |<Vh (id -1, %u*) - Vh (id *Tuzﬂu*) P

—id)| dps2

< l/ | Tho -1 — id|2 dpiz.
Q
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